Quantum critical systems with multiple dynamics possess not only one but several time scales, τi ∼ ξ z i , which diverge with the correlation length ξ. We investigate how scaling predictions are modified for the simplest case of multiple dynamics characterized by two dynamical critical exponents, z> and z<. We argue that one should distinguish the case of coupled and decoupled multiple dynamic scaling depending on whether there exists a scaling exponent which depends on both zi or not. As an example, we study generalized Φ 4 -theories with multiple dynamics below their upper critical dimension, d + z< < 4. We identify under which condition coupled scaling is generated. In this case the interaction of quantum and classical fluctuations leads to an emergent dynamical exponent, ze = z> ν(z>−z<)+1 . PACS numbers: 71.10. Hf, 71.27.+a, 73.43.Nq Quantum criticality has become a ubiquitous theme in condensed matter physics. The anomalous thermodynamics and transport properties close to a quantum critical point are fascinating as they defy paradigmatic theories of normal metals and insulators, and they are now frequently invoked to explain the unusual behavior observed in a wide class of systems ranging from heavyfermion compounds, organic materials and high-T c superconductors to ultracold atoms.
Quantum criticality with multiple dynamics
Quantum critical systems with multiple dynamics possess not only one but several time scales, τi ∼ ξ z i , which diverge with the correlation length ξ. We investigate how scaling predictions are modified for the simplest case of multiple dynamics characterized by two dynamical critical exponents, z> and z<. We argue that one should distinguish the case of coupled and decoupled multiple dynamic scaling depending on whether there exists a scaling exponent which depends on both zi or not. As an example, we study generalized Φ 4 -theories with multiple dynamics below their upper critical dimension, d + z< < 4. We identify under which condition coupled scaling is generated. In this case the interaction of quantum and classical fluctuations leads to an emergent dynamical exponent, ze = Quantum criticality has become a ubiquitous theme in condensed matter physics. The anomalous thermodynamics and transport properties close to a quantum critical point are fascinating as they defy paradigmatic theories of normal metals and insulators, and they are now frequently invoked to explain the unusual behavior observed in a wide class of systems ranging from heavyfermion compounds, organic materials and high-T c superconductors to ultracold atoms.
Quantum critical points are not only characterized by the symmetries of the system and the critical degrees of freedom, but also by their specific dynamics 1,2 . However, often these attributes are not easily identified and simplifying assumptions are applied. For example, the quantum critical scaling hypothesis, that is commonly employed for the interpretation of experiments, assumes the critical behavior to be dominated by a single time scale τ that diverges together with the correlation length, ξ, according to τ ∼ ξ z , where z is the dynamical exponent. At finite temperatures T , scaling then implies the presence of a thermal length scale, ξ T ∼ T −1/z , characterizing the distance beyond which thermal dominate over quantum fluctuations. However, often various critical degrees of freedom with their respective dynamics coexist giving rise to multiple thermal lengths. In particular, in quantum critical metals critical collective modes interact with critical fermionic quasi-particles that are both governed by different dynamics. In such cases, scaling assumptions become ambiguous as certain physical observables could be determined by one or the other dynamics of the different critical degrees of freedom [2] [3] [4] [5] [6] [7] [8] . Here, we consider quantum phase transitions where the order parameter is characterized by two dynamical exponents z > and z < , with z > > z < , and study the scaling behavior of thermodynamics. For renormalization group (RG) fixed-points with multiple z, the free energy exhibits only weak or multiple dynamic scaling. A similar situation arises in the context of classical critical phenomena [9] [10] [11] [12] , for example, for model C dynamics within the Hohenberg-Halperin classification 10 where the order parameter couples to a conserved density field. The dynamical exponents together with the spatial dimension d give rise to two effective dimensions, D > = d + z > and D < = d+z < . Dimensional analysis then requires that the critical part of the free energy density, F cr , is necessarily characterized by two scaling functions, f > and f < . The simplest generalization of the scaling hypothesis for F cr in the presence of multiple dynamic scaling is then given by (in the absence of dangerously irrelevant operators)
with arbitrary scaling parameters b 1 and b 2 . The scaling functions, f > and f < , depend on the tuning parameter r, that measures the distance to the quantum critical point and scales with the correlation length exponent ν, and, generally, on two temperature scaling fields t i = η i T , with i ∈ {>, <}, where T is the temperature and η i are "kinetic coefficients". There are three characteristic length scales, ξ ∼ b 1,2 , where each of the three arguments of the scaling functions reaches a value of order one,
The first can be identified with the correlation length at zero temperature, and the remaining are the two thermal lengths with ξ > T < ξ < T . In the limit of small temperatures, T → 0, but finite r, we can choose the scaling parameters such that b 1 = b 2 = |r| −ν ∼ ξ r and the free energy simplifies to
with σ = sign r. At T = 0, the most singular part is then attributed to the contribution with the smaller dynamical exponent z < ,
So we arrive at the conclusion that the susceptibility χ rr = −∂ 2 r F cr , that determines, e.g., the correction to the compressibility for pressure tuned quantum critical points, is at T = 0 determined by the mode with the smaller effective dimension d + z < .
At finite temperatures T > 0, the generalized scaling hypothesis (1), however, is only of limited use in predicting the critical behavior, in particular, in the regimes ξ r > ξ i T . Consider the free energy at scales of the two respective thermal lengths,
The temperature dependence is here not explicit due to the residual dependence of the two functions f i on temperature, so that the critical behavior is not evident. In particular, the third argument of the f < function diverges for T → 0, and the critical behavior (r = 0) of thermodynamics will crucially depend on the analytic properties of f < .
We can distinguish two cases. In the case of decoupled multiple dynamic scaling the asymptotic behavior of the two functions f < and f > in Eq. (1) does not dependent on the respective other thermal fields, t > and t < , so that the temperature dependence becomes manifest and scaling laws follow with exponents involving either z > or z < depending on the quantity of interest. In the case of coupled multiple dynamic scaling, however, the dynamics of the two modes mix so that the asymptotic behavior of the two scaling functions does depend on both, t > and t < , and Eq. (5) is not sufficient to predict the temperature dependence of thermodynamics. In particular, scaling laws can then arise with unusual exponents depending on both dynamical exponents z > and z < .
In order to identify a mechanism leading to coupled multiple dynamic scaling, we examine a specific example in the following. We consider the effective theory for a d-wave Pomeranchuk (or nematic) instability in two-dimensional isotropic metals describing a spontaneous deformation of the Fermi surface. The order parameter is a quadrupolar tensor with two polarizations, Φ T = (φ 1 , φ 2 ), effectively described by a Φ 4 -theory
The dynamics is generated by the coupling of the collective quadrupolar mode to particle-hole pairs in the metal, and, interestingly, it differs for the two polarization of the order parameter. The quadrupolar fluctuations at a given momentum k are damped by particlehole pairs in the metal if the polarization is longitudinal to while it remains undamped for the transverse polarization giving z < = 2 13 . While the renormalization group flow of this model is towards a stable Gaussian fixedpoint, it was demonstrated in Ref. [6] that the multiple dynamics results in an extended quantum-to-classical crossover. Moreover, it was observed that this extended crossover leads to logarithmic corrections to thermodynamics reminiscent of the coupled multiple scaling discussed above. In order to study the coupling of dynamics in the presence of an interacting fixed-point we generalize the model to an effective dimension D = 4 − ǫ which stabilizes the RG flow towards a Wilson-Fisher (WF) fixed point 14 so that universal physics at lowest energy emerges and the properties of the scaling functions can be studied.
The Green function in (6) possesses the following momentum and frequency dependence
Uq , (7) where the eigenvectors itself depend on the orientation of momentumq via the rotation matrix
that depends on the angle between momentum and, say, the x-axis, θ∠( q, x), and reflects the d-wave symmetry of the order parameter. In the disordered phase, Φ = 0, the respective Green functions are given by
with q = | q|. The tuning parameter of the quantum phase transition is r, and η i , with i ∈ {>, <}, are kinetic coefficients. We consider effective dimensions d + z We perform a one-loop RG analysis by subsequently integrating out high energy modes within a momentum shell (Λ/b, Λ) with log b > 1 and Λ being a momentumcutoff that we set to unity in the following, Λ = 1. The form of the theory is restored by rescaling momenta q → q/b and frequencies ω n → ω n /b z . To ensure an unbiased treatment of the multiple dynamics, we use here an unspecified dynamical exponent z. We will later demonstrate that physical observables do not depend on the specific choice of z. As a result of this scaling scheme, the kinetic coefficients, η i , obey in one-loop order the tree-level scaling equations ∂ηi ∂ log b = (z 0 i − z) η i , where i ∈ {>, <}. The quantum fluctuations, see Fig. 1 , lead to an RG flow of the coupling u and the tuning parameter r, which at temperature T = 0 is given by
The appearance of the kinetic coefficient η < indicates that the RG flow at T = 0 is determined by the loop corrections attributed to the z 
1/ǫ with the bare coupling U 0 the interaction is driven towards the WF fixed-point U → U WF = 32πǫ/3. Furthermore, from the scaling equation for the tuning parameter follows the correlation length exponent
Note that this value for the correlation length exponent does not belong to the standard universality class of O(N ) models with diagonal propagators 14 . In the following, we consider the theory at scales b ≫ b WF where universality emerges and study the RG flow in the vicinity of the WF fixed-point.
Temperature T is a relevant scaling field with the scaling dimension given by z. For our purposes it is actually convenient to consider the scaling of the two temperature fields t > = η > T and t < = η < T ,
with the identification z i = z 
The quantum fluctuations of the z < -mode determine ν as before. The classical fluctuations of the z > -mode lead to an additional term linear in T . This term is crucial as it induces a new length scale that reflects the interplay of the different dynamics. The coexistence of quantum and classical fluctuations mixes the scaling fields r and t < giving rise to a new scaling field
The condition R(ξ R ) = 1 allows to identify the new length scale, ξ R = (R(b . This defines a new 'emerging' dynamical exponent given by
This simple formula encodes in a nutshell how the interplay of the two time scales can lead to qualitatively new physics. At first glance it is surprising that all explicit dependence on the number of space dimensions cancels despite the fact that the contribution arises from classical fluctuations. The information on the number of dimensions is encoded in the RG equation for U . While u T has the engineering dimension 4 − d, close to the WilsonFisher fixed-point it gets replaced by U WF t < with dimension z < . For the same reason, there is also no explicit dependence on the interaction strength despite the fact that d + z > > 4. The generated temperature dependence in Eq. (15) results, in principle, in the presence of three length scales, , and the generalized susceptibilities at criticality r = 0 as a function of temperature T . Coupled multiple dynamic scaling obtains for ze > z< with scaling laws depending on ze.
/z< and ξ R , even at criticality r = 0. The generated length ξ R ∼ T −1/ze obeys ξ R /ξ > T ≫ 1 as always z e < z > but the ratio ξ R /ξ < T depends on the relation between the emerging exponent z e and z < . Its asymptotic behavior distinguishes whether the multiple dynamic scaling turns out to be coupled or decoupled. This is best seen by considering the free energy density of Eq. (1). For z e < z < the RG flow at r = 0 is cut off by temperature, T , before ξ R is reached. As a result the free energies
>} are determined by their respective thermal length, ξ < T and ξ > T , so that the multiple dynamic scaling is decoupled, see appendix for details. In contrast, for
realized for dimensions d > 2 − 5 9 ǫ, the two length scales ξ R and ξ > T govern the critical properties so that
. In particular, the part F < is determined by ξ R and thus depends on the emergent dynamical exponent z e resulting in coupled multiple dynamic scaling. Table I collects the results for the generalized susceptibilities χ ab = −∂ a ∂ b F cr with a, b = T, r at criticality r = 0. For pressure-tuned quantum criticality, χ rT and χ rr can be identified with the thermal expansion α and the critical part of the compressibility, κ, respectively, and χ T T is just the specific heat coefficient, γ. If z e > z < , we obtain coupled multiple dynamic scaling (i.e. scaling exponents which depend on both z < and z > ) for the thermal expansion, χ rT , and the compressibility, χ rr .
Comparing the three thermal length scales with the correlation length at T = 0, ξ r ∼ |r| −ν , identifies various crossover scales in the phase diagram for r > 0, see Fig. 3 , where the thermodynamics changes its behavior (for more details, see appendix). For coupled multiple dynamic scaling, one crossover line depends on z e . As usual, for a sufficiently negative r an additional crossover occurs from the quantum WF fixed-point to a classical one giving rise to the Ginzburg line in Fig. (3) . As the model (6) reduces in the classical limit to a XY-model the classical phase transition is of Kosterlitz-Thouless type for d = 2. To summarize, we studied quantum critical thermodynamics in the presence of multiple dynamical scales, and we distinguished between decoupled and coupled multiple dynamic scaling scenarios. Coupled scaling occurs when the classical fluctuations arising from the mode with the larger dynamical critical exponent generates the mass term which then grows rapidly due to quantum fluctuations of the other mode. This quantum 'boost' leads for νz < < 1 to an emerging thermal length T −1/ze with the exponent z e of Eq. (16) . Note that this exponent and the mechanism how it is generated are -at least in oneloop order -completely universal. z e depends only on the two dynamical critical exponents z < and z > and on the correlation length exponent ν but not, for example, on the number of space dimensions. As it is also independent of the specific choice of propagators of Eq. (9), we believe that it is relevant for a wide class of models. The additional length scale T −1/ze gives rise to unusual scaling-laws in thermodynamics. To search for it experimentally, one option is to look for phase diagrams as shown in Fig. 3(b) where an upper crossover line is convex (νz e < 1) while a second crossover line has a larger exponent.
ln(b) ≪ 1 yields a contribution to the free energy density
with Ω d being the d-dimensional solid angle. A differential RG equation for F follows by considering the limit b → 1 + . Furthermore, we note the free energy density has the engineering dimension d + z, with z being the arbitrary dynamical exponent used for the scaling of the temperature, ∂ ln(b) T = z T , and thus T (b) = T b z . Solving the RG equation one obtains the total free energy density in the form of an integral over an RG trajectory. In one loop order, the latter reads
where
, (A.3a)
As discussed in the main text, the free energy density F has two contributions stemming from the two modes. The scale dependence of the temperature T (b), the kinetic coefficients η <,> (b) and the mass r(b) were defined in the main text. In the following, we denote e.g. by T (b) the running temperature and by T without the explicit b dependence the starting value for the RG flow. Redefining first ω = ǫ T (b) and then substituting Λ/b = t 1/z< < e −l for the part F < and Λ/b = t 1/z> > e −l for F > , with t i = η i T , we obtain
Note that with these substitutions all dependencies on the arbitrarily chosen scaling exponent z have vanished. Next, we write Eqs. (A.4) in a scaling form. For T > r νz> , the flowing mass can be expressed in terms of the emergent scaling field R(b) and the constant α = (νU WF )/(6π(1 − z < ν)),
z< (see Eqs. (12) and (14) of the main text) we find that the free energy density F < depends on
and therefore only on the combination t −1/(νz<) < R. It can thus be expressed in the scaling form
From the usual scaling analysis one can now deduce that the free energy density of the mode with the smaller dynamical exponent scales for T > r νz> as
This result can also be obtained explicitly by performing the integral in Eq. (A.4b). In a similar manner, we find that the free energy density F > can be written in terms of the scaling function
in the regime T > r νz> . Since however ξ > T ≪ ξ R , ξ < T in this regime, we find that the free energy density of the mode with the larger dynamical exponent always scales for T > r νz> as
This can also be derived by explicit integration of the RG trajectory (A.4a). Thermodynamic observables are defined as derivatives of the total free energy density F = F < +F > with respect to either the temperature T or the tuning parameter r. Here, T and r are the starting values of the RG trajectories, which are used in Eqs. (A.4) to determine the free energy. In the following, we focus on the critical, i.e., the most singular contributions to thermodynamics close to the quantum critical point. The expression of the flowing mass r(b) appearing in the RG trajectories for the free energy densities can be obtained by integrating the corresponding RG equation (13) given in the main text. For RG stages b ≫ b WF ≫ 1 with b WF being the RG scale at which the Wilson-Fisher fixed point is reached, we obtain that
where U 0 = Λ −ǫ u 0 /η < with ǫ = 4 − d − z < being the bare reduced interaction and U WF its Wilson-Fisher fixed point value, and the constant
A derivative with respect to tuning parameter r therefore acts on the running r(b) as 12) and similar terms arise for derivatives with respect to the temperature if the RG flow reaches the extended quantum to classical crossover regime for sufficiently high temperatures T . Each of the two parts, F > and F < , of the free energy density possesses its own crossover between a high and low temperature limit. They are determined by the comparison of the correlation length at T = 0, ξ r = r −ν , with the corresponding thermal length. For F > , the crossover occurs at T ∼ r νz> , while it is located at T ∼ r νz (·) with z (·) = max{z < , z e } for F < . These crossovers are directly reflected in the behavior of thermodynamic observables. We find that the critical part of the specific heat, c = −T ∂ with z (·) = max{z < , z e }. The most singular part of the compressibility is attributed to the fluctuations with the smaller dynamical exponent z < . Most interesting is the thermal expansion α = ∂ T ∂ r F , as it is sensitive to both crossovers. We find that the behavior of α at lowest temperatures T < r νz> is dominated by the mode with the larger dynamical exponent z > . At higher temperatures, the scaling depends on whether decoupled or coupled multiple dynamic scaling is obtained. For coupled scaling, νz < < 1, on the other hand, we find that the thermal expansion is sensitive the emergent dynamical exponent. We obtain In order to check that the leading behavior indeed matches at the lower crossover T ∼ r νz> , one needs the explicit definitions of ν and z e as given in Eqs. (13) and (16) of the main text. In conclusion, we find that the thermal expansion is sensitive to both crossovers in the phase diagram of Fig. 4 in agreement with the study of Ref. 6 .
In the end, we would like to discuss the curvature of the upper crossover line between regime (II) and (III).
For decoupled and coupled multiple dynamic scaling the exponents fulfill the following relations, decoupled : ν z < > 1 coupled : ν z < < ν z e < 1. (A.17)
As a result, the upper crossover line is concave for coupled while it convex for decoupled scaling. This serves as a convenient necessary condition to identify the type of scaling at work, which can be used in experiments.
